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STONE SPECTRA OF VON NEUMANN ALGEBRAS
OF TYPE In
ANDREAS DO¨RING
IAMPH, FACHBEREICH MATHEMATIK
J. W. GOETHE-UNIVERSITA¨T FRANKFURT, GERMANY
Abstract. The Stone spectrum of a von Neumann algebra is a generalization
of the Gelfand spectrum, as was shown by de Groote. In this article we clarify
the structure of the Stone spectra of von Neumann algebras of type In.
1. Introduction
In a new approach tying together classical and quantum observables, de Groote
has developed the theory of Stone spectra of lattices and observable functions. In
this section, we will give the relevant definitions and cite some of de Groote’s results.
For details, the reader is referred to de Groote’s work [deG01, deG05].
When speaking of a lattice, we will always mean a σ-complete lattice at least. A
lattice L always has a zero element 0 and a unit element 1. The starting point is the
new notion of a quasipoint of a lattice, which is nothing but a maximal filter base,
generalizing to arbitrary lattices what Stone did in the 1930s for Boolean algebras
[Sto36]:
Definition 1. A subset B of a lattice L is called a quasipoint of L if it has the
following properties:
(i) 0 /∈ B,
(ii) ∀a, b ∈ B ∃c ∈ B : c ≤ a ∧ b,
(iii) B is maximal with respect to (i) and (ii).
It is easily seen that for a quasipoint B of the lattice L, we have
∀a ∈ B ∀b ∈ L : (a ≤ b =⇒ b ∈ B).
In particular, ∀a, b ∈ B : a ∧ b ∈ B, so quasipoints are maximal dual ideals also
[Bir73]. The set of quasipoints of a lattice L is denoted by Q(L) and is equipped
with a natural topology (also inspired by Stone): for a ∈ L, let
Qa(L) := {B ∈ Q(L) | a ∈ B}.
Obviously, we have
Qa∧b(L) = Qa(L) ∩ Qb(L),
so {Qa(L) | a ∈ L} is the base of a topology on L.
Definition 2. The set Q(L) of quasipoints of a lattice L, equipped with the topology
given by the sets Qa(L) defined above, is called the Stone spectrum of the lattice
L.
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One can show that the Stone spectrum Q(L) is a zero-dimensional, completely
regular Hausdorff space. For the example L = L(H), the lattice of closed subspaces
of a complex separable Hilbert space H, Q(L) is not compact if dimH > 1. If H
is infinite-dimensional, then Q(L) is not even locally compact [deG01]. The lattice
L(H) plays an important role in the foundations of quantum theory, which was
first recognized by Birkhoff and von Neumann [BirvNeu36]. L(H) is isomorphic
the P(H), the lattice of projections onto closed subspaces of H.
Let R be a unital von Neumann algebra, given as a subalgebra of the algebra
L(H) of bounded operators on some Hilbert space H. The Stone spectrum Q(R)
of R means the Stone spectrum Q(P(R)) of the projection lattice P(R) of R. In
quantum theory, including quantum mechanics in the von Neumann representation,
quantum field theory and quantum information theory, observables are represented
by self-adjoint operators A in some von Neumann algebra R, the algebra of observ-
ables. The set of observables Rsa forms a real linear space in the algebra R.
De Groote shows that if R is abelian, there is a homeomorphism between the
Stone spectrum Q(R) = Q(P(R)) and the Gelfand spectrum Ω(R) ofR. Hence, for
an arbitrary von Neumann algebra R, the Stone spectrum Q(R) is a generalization
of the Gelfand spectrum.
Observable functions are introduced in the following way:
Definition 3. Let A ∈ Rsa, and let E
A = (EAλ )λ∈R be the spectral family of A.
The function
fA : Q(R) −→ R
defined by
fA(B) := inf{λ ∈ R | E
A
λ ∈ B}
is called the observable function corresponding to A. Ob(R) := {fA | A ∈
Rsa} denotes the set of observable functions of R.
One can show that the image of fA is the spectrum of A. Observable functions
are continuous functions, so
Ob(R) ⊆ Cb(Q(R),R),
where Cb(Q(R),R) denotes the set of continuous bounded real-valued functions
on the Stone spectrum Q(R) of R. De Groote shows that equality only holds for
abelian von Neumann algebras R. Moreover, if R is abelian, then the observable
functions turn out to be the Gelfand transforms of the self-adjoint elements of R,
so for an arbitrary von Neumann algebra, the observable functions are generalized
Gelfand transforms.
There are many more results on Stone spectra and observable functions and
their relation to physics [deG01, deG05]. For example, observable functions can be
characterized intrinsically, without reference to self-adjoint operators. Stone spectra
also play some role in the proof of the generalized Kochen-Specker theorem, which
is an important no-go theorem on hidden variables in quantum theory [KocSpe67,
Doe04].
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The elements of the Stone spectrum Q(R), the quasipoints, are defined using
Zorn’s lemma. As usual, it is not easy to get some intuition of such objects. Some
extra structure of the von Neumann algebra is needed to clarify the properties of
the quasipoints and the Stone spectrum. The quasipoints and the Stone spectrum
of type-In-factors R = L(H), where dimH = n ∈ {0, 1, ...} is finite, are known
[deG01]. We need the following: an isolated point B of the Stone spectrum Q(R)
is called an atomic quasipoint. IfR = L(H), then the atomic quasipoints of P(R)(=
P(H)) are of the form
BCx = {P ∈ P(H) | P ≥ PCx},
where x ∈ H, |x| = 1 and PCx is the projection onto the line Cx. While for infinite-
dimensional H, P(H) also has non-atomic quasipoints, for finite-dimensional H the
situation is simple:
Proposition 4. If H is finite-dimensional, there are only atomic quasipoints in
P(H), and we have
Q(P(H)) = {BCx | x ∈ S
1(H)},
where S1(H) denotes the unit sphere in Hilbert space. For finite-dimensional H,
P(H) ≃ L(H) is the projection lattice P(R) of a type In factor R, where n = dimH.
This type In factor simply is represented as Mn(C), the n × n complex matrices
acting on H.
Of course, the inner product of H plays no role here, but only the linear structure,
so we have also characterized the quasipoints of the lattice of subspaces of a finite-
dimensional vector space.
There were no results on the structure of quasipoints and Stone spectra of more
general von Neumann algebras up to now. In this article, we will examine von
Neumann algebras of type In for finite n. Type In algebras include all von Neumann
algebras on finite-dimensional Hilbert spaces and all abelian von Neumann algebras.
(The latter are of those of type I1.) We will make use of the fact that such an algebra
is of the form Mn(A), where A is the center of R. Note that while R ≃ Mn(A)
is given by “finite” n × n-matrices, the center A of R may be represented on an
infinite-dimensional Hilbert space.
Drawing on a result on abelian quasipoints (section 2), i.e. quasipoints containing
an abelian projection, a fairly complete characterization of the Stone spectrum of
a type In algebra is obtained. In particular, all quasipoints of a type In algebra are
abelian (Thm. 34) and the orbits of the action of the unitary group on the Stone
spectrum Q(R) are parametrized by the quasipoints of the center of R (Thm. 36).
2. Abelian quasipoints of von Neumann algebras
In this section, we will regard quasipoints containing an abelian projection. It
will be shown that there is a close relationship between the abelian quasipoints of
a von Neumann algebra R and the quasipoints of the center of R. This result will
be central to the classification of Stone spectra of type In von Neumann algebras.
Definition 5. A quasipoint B ⊆ P(R) is called abelian if it contains an abelian
projection E ∈ R. The set of abelian quasipoints of a von Neumann algebra R is
denoted by Qab(R).
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Definition 6. The E-trunk BE (E ∈ B) of a quasipoint B is the set
BE := {F ∈ B | F ≤ E}.
Obviously, BE is a filter basis.
Lemma 7. The E-trunk BE uniquely determines the quasipoint B.
Proof. Let B1,B2 be two quasipoints whose E-trunk is BE . Let F be a projection
in B1. Then we have E ∧ F ∈ BE ⊂ B2. If a quasipoint contains a projection, it
contains all larger projections, so F ∈ B2 and B1 = B2 follows. 
This lemma holds analogously for any lattice L, since no features of the von
Neumann algebra are used.
Definition 8. Let R ⊆ L(H) be a von Neumann algebra, B ⊂ QE(R) a quasipoint
containing E and θ ∈ R a partial isometry such that E = θ∗θ. We set
θ(BE) := {θFθ
∗ | F ∈ BE}.
Lemma 9. If R ⊆ L(H) is a von Neumann algebra and θ ∈ R is a partial isometry
such that E := θ∗θ, then for all projections PU ∈ R such that PU ≤ E it holds that
θPUθ
∗ = PθU .
Proof. For x ∈ U , we have
θPU θ
∗θx = θPUEx = θx = PθUθx.
If y ∈ (θU)⊥, then θ∗y ∈ U⊥ and thus
θPU θ
∗y = 0 = PθUy.

Obviously, θ(BE) is the θEθ
∗-trunk of a quasipoint of R (given that θ∗θ = E).
We will denote the quasipoint induced by θEθ∗ by θQ(BE).
Remark 10. Since in general θ∗θ /∈ B for an arbitrary partial isometry θ and
an arbitrary quasipoint B, we have no action of the set of partial isometries on
the Stone spectrum Q(R). On the other hand, if θ is unitary, we can define an
operation, see subsection 3.
Let B ∈ Qab(R) be an abelian quasipoint, and let E ∈ B be an abelian pro-
jection. Each F ∈ BE is a subprojection of the abelian projection E and hence of
the form F = QE, where Q ∈ R is a central projection. Then Q ∈ B holds, so
Q ∈ B ∩ C. If, conversely, Q ∈ B ∩ C holds, then QE ∈ BE , therefore we have
BE = {QE | Q ∈ B ∩ C}.
The mapping
ζE : R
′E −→ R′CE ,
T ′E 7−→ T ′CE
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is a ∗-isomorphism (see Prop. 5.5.5 in [KadRinI97]). Since
PE ∧QE = PQE = (P ∧Q)E,
PE ∨QE = (P +Q)E − PQE = (P ∨Q)E,
ζE |BE is a lattice isomorphism from BE onto (B ∩ C)CE . B ∩ C is a quasipoint
of P(C): obviously, B ∩ C is a filter basis P(C). Let β be a quasipoint in P(C)
containing B ∩ C. Assume that P ∈ β\(B ∩ C). Then PCE ∈ β\(B ∩ C) holds,
therefore PE /∈ BE . Then there is some QE ∈ BE such that PQE = 0, so
PCEQCE = PQCE = 0, but that contradicts PCE , QCE ∈ β. Thus B ∩ C is a
quasipoint in P(C), and hence
ζE(BE) = (B ∩ C)CE .
In this manner, each abelian quasipoint B ∈ Qab(R) is assigned a quasipoint
β(B) := B ∩ C ∈ Q(C) of the center C of R. Moreover, the mapping
ζ : Q(R) −→ Q(C)
B 7−→ B ∩ C
is surjective, since each quasipoint β ∈ Q(C) (being a filter base in P(R)) is con-
tained in some quasipoint B ∈ Q(R).
Let B,B˜ ∈ Qab(R) be abelian quasipoints such that
β := B ∩ C = B˜ ∩ C.
Let E ∈ B, E˜ ∈ B˜ be abelian projections. Since CE , CE˜ ∈ β, CECE˜ ∈ β holds and
CECE˜E ∈ B, CECE˜E˜ ∈ B˜ are abelian projections with the same central carrier
CECE˜ . Hence, without loss of generality, one can assume CE = CE˜ . It follows that
E and E˜ are equivalent (see Prop. 6.4.6 in [KadRinII97]). Let θ ∈ R be a partial
isometry such that θ∗θ = E, θθ∗ = E˜, therefore θEθ∗ = E˜. It follows that
θBEθ
∗ = {θQEθ∗ | Q ∈ β} = {QθEθ∗ | Q ∈ β}
= {QE˜ | Q ∈ β} = B
E˜
,
so
θQ(B) = B˜.
Conversely, letB,B˜ be abelian quasipoints, and let θ ∈ R be a partial isometry such
that E := θ∗θ ∈ B, E˜ := θθ∗ ∈ B˜. From this, θQ(B) = B˜ as shown. Let F ∈ B
be abelian, F ≤ E. Then θF is a partial isometry from (θF )∗θF = FEF = F to
θFθ∗ ∈ B˜. Since θFθ∗ is abelian, too, we can assume without loss of generality
that E and E˜ are abelian. From the definition of θQ, it follows that
B˜
E˜
= θBEθ
∗ = {θQEθ∗ | Q ∈ B ∩ C} = {QE˜ | Q ∈ B ∩ C}
holds, so
{PE˜ | P ∈ B˜ ∩ C} = {QE˜ | Q ∈ B ∩ C},
and hence, since CE = CE˜ ,
{PCE | P ∈ B˜ ∩ C} = {QCE | Q ∈ B ∩ C}
⇐⇒(B˜ ∩ C)CE = (B ∩ C)CE ,
that is, B˜ ∩ C = B ∩ C. Summing up, it is proven that:
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Theorem 11. Let R be a von Neumann algebra with center C. Then the mapping
ζ : Q(R) −→ Q(C)
B 7−→ B ∩ C
is surjective. If B, B˜ ∈ Qab(R) are two abelian quasipoints, then ζ(B) = ζ(B˜)
holds if and only if there is a partial isometry θ ∈ R with θQ(B) = B˜.
3. The action of the unitary group on the Stone spectrum Q(R)
A unitary operator transforms a quasipoint in the obvious way:
Definition 12. Let T ∈ U(H) be a unitary operator. T acts on B ∈ Q(R) (R ⊆
L(H)) by
T.B := {TET ∗ | E ∈ B}.
Lemma 13. T.B is a quasipoint of the von Neumann algebra TRT ∗. If T ∈ U(R),
then T.B ∈ Q(R).
Proof. We have
T (E ∧ F )T ∗ ≤ TET ∗ ∧ TFT ∗.
Moreover,
T ∗(TET ∗ ∧ TFT ∗)T ≤ E ∧ F,
so T (E ∧ F )T ∗ = TET ∗ ∧ TFT ∗. Thus T.B is a filter basis and hence contained
in some quasipoint B′ ∈ TRT ∗. T ∗.B′ also is a filterbasis. We have
T ∗.(T.B) = B ⊆ T ∗.B′.
From the maximality of B, equality holds. 
4. The Stone spectrum of a type In von Neumann algebra
Let R be a von Neumann algebra of type In, n finite. We will show that every
quasipoint B ∈ Q(R) of R is abelian, i.e. contains an abelian projection. In order
to do so, we will use the fact that R is (isomorphic to) a n × n-matrix algebra,
albeit with entries from another von Neumann algebra, the center of R. We regard
R as acting on the Hilbert module An, which generalizes the vector space Cn. The
abelian projections will be those projecting onto “lines” of the form aA, where
A := C(R) is the center of R. Of course, A is not a field and An is not a vector
space, so we cannot use arguments for subspace lattices of finite-dimensional vector
spaces directly (in which case every quasipoint is abelian). But we will introduce
equivalence relations on A and An that turn them into a field and an n-dimensional
vector space, respectively, and show that after taking equivalence classes, enough
of the structure remains intact to allow the conclusion that every quasipoint of R
is abelian. The intuition from linear algebra carries through. From Thm. 11, we
know that the abelian quasipoints can be mapped to quasipoints of the center of
R via
ξ : Qab(R) −→ Q(C),
B 7−→ B ∩ C,
where two quasipoints B, B˜ are mapped to the same quasipoint of the center if
and only if there is a partial isometry θ ∈ R such that θQ(B) = B˜. Using the fact
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that R is a finite algebra, we can replace partial isometries with unitary operators.
This will allow us to specify the orbits of the unitary group U(R) acting on Q(R)
(Thm. 36).
4.1. Hilbert modules and the projections Ea. It is well known that each type
In von Neumann algebra R is ∗-isomorphic to Mn(A), the matrix algebra with
entries from A = C(R), the center of R (see Thm. 6.6.5 in [KadRinII97]). Let
An be the free right module over A consisting of n copies of A. Another common
notation for Mn(A) is EndA(A
n), the algebra of A-linear endomorphisms of An.
Mn(A) acts on the Hilbert space H˜ :=
⊕n
HA, the n-fold direct sum of HA, which
is the Hilbert space A acts on. We will not make use of H˜ and the representation
of Mn(A) on it, because we will regard Mn(A) as an algebra that acts on the A-
module An from the left. Elements a = (a1 ⊕ ... ⊕ an)
t of An are regarded as
column vectors. The operation of Mn(A) on A
n is a “matrix×vector” operation.
(Since A is commutative, An can be regarded as a left module as well. The chosen
convention fits the natural structure of An as an Mn(A)-A-bimodule.)
An has a canonical basis with basis elements
ej := (0⊕ ...⊕ 0⊕
j
↓
1⊕ 0⊕ ...⊕ 0)t,
where 1 is the unit of A. With respect to this basis, a ∈ An is denoted as
a = (a1 ⊕ ...⊕ an)
t. The sign of transposition will be omitted from now on.
There is an A-valued product defined on An such that An becomes a Hilbert-
A-module. Since An is a right module, the inner product is A-linear with respect
to the second variable:
(a|b) = (a1 ⊕ ...⊕ an|b1 ⊕ ...⊕ bn) :=
n∑
k=1
a∗kbk,
(a|bα) = (a|b)α = α(a|b) = (aα∗|b)
for a, b ∈ An, α ∈ A. In the second line the commutativity of A was employed.
The inner product induces a norm on An by
|a| := |(a|a)|
1
2 ,
where the norm on the right hand side is the norm on A.
Let Ω := Q(A) be the Stone spectrum of A. Without loss of generality, we
can assume A = C(Ω). Let (Ω1, ...,Ωn) be a partition of Ω into closed-open sets
Ωk 6= ∅, and let ak := χΩk . Then for all β ∈ Ω,∑
k
|ak(β)|
2 = 1
and hence |a1 ⊕ ...⊕ an| = 1. Moreover, for k 6= j,
(ak|aj) = a
∗
kaj = 0,
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that is, the ak are pairwise orthogonal. But (the analogue of) Pythagoras’ theorem
does not hold, since for our example one obtains
|a1 ⊕ ...⊕ an|
2 = 1 < n =
n∑
k=1
|ak|
2.
In general, operators on Hilbert modules are −different from those on Hilbert
spaces− not (all) adjointable, which is due to the lack of self-duality of Hilbert
modules, see for example [WeO93, p 240]. A mapping T : E → E from a Hilbert
module E to itself is called adjointable if there is a mapping T ∗ such that
(Ta|b) = (a|T ∗b)
for all a, b ∈ E. The mapping T ∗ is called the adjoint of T . One can show that if
T is adjointable, then T ∗ is unique, T ∗∗ = T and both T and T ∗ are module maps
which are bounded with respect to the operator norm ([WeO93, Lemma 15.2.3]).
For our purpose, we have to characterize the projections in R ≃Mn(A).
Lemma 14. The elements of Mn(A) are adjointable, T = Tjk ∈ Mn(A) has adjoint
(T ∗)jk = T
∗
kj.
Proof. Let a, b ∈ An, T = Tjk ∈Mn(A). We have
(Ta|b) =
∑
k,j
(Tkjaj)
∗bk =
∑
k,j
a∗jT
∗
kjbk
=
∑
j,k
a∗j (Tjk)
∗bk = (a|T
∗b).

The adjoint of T ∈ Mn(A) in the Hilbert module sense thus is the usual, Hilbert
space adjoint of T . It follows that the projections of the von Neumann algebra
Mn(A) are the projections of the algebra B(A
n) of adjointable operators of the
Hilbert module An. (A projection P is A-linear, so it is contained in Mn(A).)
We will now introduce projections Ea that map from A
n onto “lines” of the form
aA: let a ∈ An be such that p := (a|a) ∈ A is a projection. Then
∀k ≤ n : pak = ak,
since for β ∈ Q(A) such that ak(β) 6= 0, one obtains p(β) =
∑
ja
∗
jaj 6= 0 and hence
p(β) = 1, since p is a projection. Here and in the following, the components ak ∈ A
of a are identified with their Gelfand transforms. We get
∀β ∈ Q(A) ∀k ≤ n : (akp)(β) = ak(β)p(β) = ak(β),
so ap = a.
Now define
Ea : A
n −→ An,
b 7−→ a(a|b).
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For all b, c ∈ An,
(Eab|c) = (a(a|b)|c) = (a|b)
∗(a|c)
= (b|a)(a|c) = (b|a(a|c))
= (b|Eac),
so we have E∗a = Ea. Moreover, for all b ∈ A
n,
E2ab = a(a|Eab) = a(a|a(a|b))
= a(a|a)(a|b) = ap(a|b)
= a(a|b) = Eab,
so E2a = Ea, that is, Ea is a projection with imEa ⊆ aA. In fact, equality holds:
let b = aα ∈ aA. Then
a(a|b) = a(a|a)α = aα,
therefore aA ⊆ imEa. The central carrier CEa of Ea is In(a|a): obviously, In(a|a)
is a central projection, since InA ≃ A is the center of Mn(A). It holds that
Eab(a|a) = a(a|b)(a|a) = a(a|a)(a|b)
= a(a|b) = Eab,
so CEa ≤ In(a|a). Conversely, let Inq be a central projection such that qEa =
Eaq = Ea. Then for all b ∈ A
n,
Eab = a(a|b) = qEab = qa(a|b)
= a(a|qb) = Ea(qb).
In particular, one obtains
Ea(qa) = Eaa
⇐⇒a(a|qa) = a(a|a) = ap = a
⇐⇒a(a|a)q = a
⇐⇒aq = qa = a
=⇒ q(a|a) = qp = (a|a) = p
=⇒ p ≤ q,
therefore, the central carrier of Ea is CEa = Inp = In(a|a).
The Ea are of interest, because they are abelian projections:
Lemma 15. Ea is an abelian projection from A
n onto aA with central carrier
In(a|a).
Proof. It only remains to show that Ea is abelian. Let A,B ∈ Mn(A). Then it
holds for all b ∈ An that
EaAEaBEab = EaAEa(Ba)(a|b) = Ea(Aa)(a|Ba)(a|b)
= a(a|Aa)(a|Ba)(a|b) = a(a|Ba)(a|Aa)(a|b)
= Ea(Ba)(a|Aa)(a|b) = EaBEa(Aa)(a|b)
= EaBEaAEab,
so EaAEaBEa = EaBEaAEa. 
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Ea is a projection in Mn(A) if (a|a) is a projection in A. The converse is also
true:
Remark 16. Let a ∈ An be such that Ea is a projection. Then (a|a) ∈ A is a
projection.
Proof. From E2a = Ea, a(a|b) = a(a|Eab) = a(a|a)(a|b) for all b ∈ A
n. For b = a,
a(a|a) = a(a|a)2.
This means that (a|a) ∈ {0, 1} holds on the support
supp a :=
⋃
k≤n
supp ak = supp(a|a).
If β ∈ Ω = Q(A) is such that (a|a)(β) 6= 0, then ak(β) 6= 0 holds for at least
one k ≤ n and thus (a|a)(β) = 1. So (a|a) = 1 holds on supp(a|a) and (a|a) is a
projection. 
If a1, ..., an ∈ A are projections and a :=
∑
kakek, then Ea is a projection if
and only if the ak are pairwise orthogonal, because, according to its definition
and the above remark, Ea is a projection if and only if (a|a) is a projection. For
a :=
∑
kakek, we have (a|a) =
∑
kak, and this is a projection if and only if the ak are
pairwise orthogonal. Furthermore,
∑
kakEek =
∑
kEakek (the ak are projections
again): for all b ∈ An, it holds that
(
∑
k
akEek)b =
∑
k
akek(ek|b) =
∑
k
a2kek(ek|b)
=
∑
k
akek(ek|bak) =
∑
k
akek(akek|b)
=
∑
k
Eakekb.
Lemma 17. A :=
∑n
k=1akEek is a projection if and only if all the ak are projec-
tions. In this case, the central carrier of A is CA = In(
∨
kak).
Proof. From (ej |ek) = δjkek we get
∀c ∈ An : EejEekc = ej(ej |Eekc) = ej(ej |ek)(ek|c) = δjkEjc,
so EejEek = δjkEej . A :=
∑n
k=1akEek is a projection if and only if a
∗
k = ak holds
for all k ≤ n and if A2 = A. Since we have
A2 = (
n∑
k=1
akEek)
2 =
n∑
j,k=1
ajakEejEek
=
n∑
j,k=1
ajakδjkEej =
n∑
j=1
a2jEej ,
this holds if and only if all the aj ∈ A are projections. CA = In(
∨
kak) holds then,
obviously. 
Remark 18. With respect to the basis (e1, ..., en) of A
n, Ea has the matrix
(Ea)jk = (aja
∗
k)j,k≤n.
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Proof. It holds that
Eaek = a(a|ek) = a
∑
j
a∗jδjk
= aa∗k = (
∑
j
ajej)a
∗
k
= (
∑
j
aja
∗
k)ej .

The projections Ea are special cases of the so-called ket-bra-operators (see
e.g. [GVF01, p 71]). These (and their symbolic Dirac notation) are defined as
|r〉〈s| : E −→ F,
b 7−→ r(s|b),
where E and F are Hilbert modules over a C∗-algebra A, r ∈ F and s ∈ E. For
E = F , we have Ea = |a〉〈a|. There are some relations among the ket-bra-operators:
r(s|ba) = r(s|b)a,
|r〉〈s|∗ = |s〉〈r|,
|r〉〈s| ◦ |t〉〈u| = |r(t|s)〉〈u| = |r〉〈u(s|t)|
hence the finite sums of ket-bra-operators from E to E form a self-adjoint algebra
End00A (E) contained in EndA(E). The operators in End
00
A (E) are called operators
of A-finite rank. The norm closure End0A(E) of End
00
A (E) contains the so-called
A-compact operators. Clearly, End0A(A
n) =Mn(A) holds.
4.2. The modules aA. We now turn to the examination of the modules aA onto
which the Ea project. This subsection is quite technical. After showing how to
“normalize” an arbitrary a ∈ An\{0} to a˜ such that (a˜|a˜) and Ea˜ are projections
with aA = a˜A, we define the support S(M) of a projective submodule M ⊆ An
and show that there is an a ∈M such that S(a) = S(M) if M is finitely generated.
This is used in the proof that the finitely generated projective submodules of An
for which EndA(M) is abelian are exactly those of the form aA = a˜A. To show
this, we also need the fact that End0A(PA
n) = PMn(A)P holds (Lemma 2.18 in
[GVF01]).
All this is a preparation for the following subsection, where quasipoints of R ≃
Mn(A) are regarded as families of projective submodules of A
n rather than families
of projections.
Lemma 19. Let a ∈ An. aA is a closed submodule of An.
Proof. Let (aαn)n∈N be a sequence in aA converging to b ∈ A
n. As before, let
supp a :=
⋃
k≤nsupp ak, then supp a = supp(a|a). Without loss of generality, one
can assume that αn(β) = 0 holds for β 6= supp a, since the sequence (aαn) remains
unchanged by that. From
|aαn − aαm|
2 = |αn − αm|
2(a|a)
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for all n,m ∈ N it follows that (αn)n∈N is a Cauchy sequence in A. Thus (αn)n∈N
converges to some α ∈ A and we get
|aαn − aα|
2 = |αn − α|
2(a|a) −→ 0 for n −→∞,
that is, b = aα ∈ aA. 
Let M ⊆ An be some submodule. The orthogonal complement M⊥ of M is
given by (see [WeO93, p 248])
M⊥ := {b ∈ An | ∀a ∈M : (b|a) = 0}.
For M = aA, we obtain
(aA)
⊥
= {b ∈ An | ∀α ∈ A : (b|aα) = 0}
= {b ∈ An | ∀α ∈ A : (b|a)α = 0}
= {b ∈ An | (b|a) = 0}.
Obviously, M ∩M⊥ = 0 holds for any submodule M . A submodule M is called
complementable if M ⊕ M⊥ = An holds. One can show that M is comple-
mentable if and only if it is the image of some projection (Cor. 15.3.9 in [WeO93]).
Subsequently, it will be demonstrated how to normalize an arbitrary a ∈ An\{0}
to a˜ such that (a˜|a˜) is a projection in A and Ea˜ is the projection in Mn(A) onto
aA = a˜A. Let a ∈ An\{0} be such that (a|a) is not a projection. For n ∈ N, let
An := {β ∈ Ω | (a|a)(β) >
1
n
}.
An is open and An is open and closed, since Ω is extremely disconnected. For an
appropriate n0 ∈ N, An 6= ∅ holds for all n ≥ n0.
Let αn ∈ A be defined by
αn(β) :=
{
(a|a)(β)−
1
2 for β ∈ An
0 for β /∈ An
.
Then aαn ∈ aA and
(aαn|aαn) = (a|a)α
2
n =
{
1 on An
0 on Ω\An
,
therefore (aαn|aαn) is a projection in A. Let En := Eaαn be the projection onto
aαnA given by aαn. According to the definition of αn, αnA is the closed ideal
αnA = {α ∈ A | suppα ⊆ An} = χAnA.
For these ideals it holds that
∀n ∈ N : αnA ⊆ αn+1A.
Moreover, with S(a) := supp a ⊆ Ω = Q(A), it holds that
⋃
n αnA = AχS(a): the
inclusion “⊆” is clear from An ⊆ S(a). Let b ∈ A
n be such that S(b) ⊆ S(a), with
no loss of generality b ≥ 0. Then (bχAn)n≥n0 is increasing monotonously. One gets
sup
n∈N
bχAn = b sup
n∈N
χAn .
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From ⋃
n
An = {β ∈ Ω | (a|a)(β) > 0},
we have ⋃
n
An =
⋃
n
An = S(a)
and thus supn χAn = χS(a), therefore
b = sup
n
bχAn .
According to Dini’s theorem, bχAn converges uniformly to b, and we have shown
that
⋃
n αnA = AχS(a) holds.
The central carrier of the projection En is χAn . En ≤ En+1 holds, since for all
b ∈ An,
EnEn+1b = aαn(aαn|Eaαn+1b) = aαn(aαn|aαn+1)(aαn+1|b)
= aαn(aαn+1|aαn+1)(aαn|b) = aαnχAn+1(aαn|b)
= aαn(aαn|b) = Enb,
where we used S(aαn) = An ⊆ An+1 in the penultimate step. Let E :=
∨
n∈NEn.
The image of En is aAχAn , so
imE = aAχS(a) = aA.
When defining E, one cannot simply assume the properties of the Hilbert space
situation.
The sesquilinear form
An ×An −→ A,
(b, c) 7−→ (Enb|c)
can be written as
(Enb|c) = (aαn(aαn|b)|c) = α
∗
n(a|c)(aαn|b)
∗
= α∗n(a|c)(b|a)αn = χAn(a(a|a)
− 1
2 |c)(b|a(a|a)−
1
2 ),
and for n→∞, the right hand side converges to
(Eb|c) := χS(a)(a(a|a)
− 1
2 |b)(a(a|a)−
1
2 |c).
Here we use the fact that every bounded continuous function f on an open dense
subset G ⊆ Ω of the Stone space Ω can be extended to a continuous function f˜
on the whole of Ω (see Cor. III.1.8 in [TakI02]): the support S(a) = supp a ⊆ Ω
is open and closed, G(a) := {β ∈ Ω | a(β) 6= 0} is open and dense in S(A) and
the mapping a(a|a)−
1
2 : G(a) → Cn is continuous und bounded, therefore it can
be extended to a continuous mapping S(a) → Cn, which will also be denoted by
a(a|a)−
1
2 . Define
a˜(β) :=
{
a(a|a)−
1
2 for β ∈ S(a)
0 for β ∈ Ω\S(a)
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and from this, Ea˜. Then it holds for all b, c ∈ A
n that
(Ea˜b|c) = (a˜|c)(a˜|b) = χS(a)(a(a|a)
− 1
2 |c)(a(a|a)−
1
2 |b).
Obviously, Ea˜ is the same as the limit E of the projections En defined above.
We showed both ways of the definition, because we will need the sets An for the
following lemma.
Let a ∈ An\{0}, and let a˜ ∈ An be as defined above. Then
(a˜|a˜) = (a|a)−1(a|a) = 1
holds on G(a) and hence also on S(a). Thus (a˜|a˜) is a projection in A.
Lemma 20. For the closed submodules, we have a˜A = aA.
Proof. From
⋃
nAχAn = AχS(a), one gets aA =
⋃
naAχAn . Moreover, it holds that
aAχAn = a(a|a)
− 1
2AχAn = a˜AχAn .
It follows from this and S(a) = S(a˜) that
aA =
⋃
naAχAn =
⋃
na˜AχAn = a˜A.

Of course, a˜ = a if (a|a) is a projection in A, so one obtains
Proposition 21. For every a ∈ An, Ea˜ is an abelian projection with image aA.
Ea˜ is the unique projection from A
n onto aA: let Q : An → aA be a projection.
Then
∀c ∈ (aA)⊥ : (Qc|Qc) = (Qc|c) = 0,
so Q|(aA)⊥ = 0. Let Qa = aα. From Q
2 = Q, aα2 = aα, therefore α(β) ∈ {0, 1}
on S(a). Since QAn = aA, it follows that α = 1 holds on S(a), so Qa = a. Let
b ∈ An, b = aγ + a′ be such that γ ∈ A and a′ ∈ (aA)⊥. Such a decomposition
exists, since aA is the image of a projection and hence a complementable submodule
of An. We have Qb = aγ and
Ea˜b = a˜(a˜|b) = a˜(a˜|a)γ = a˜(a˜|(a|a)
1
2 a˜)γ
= a˜(a|a)
1
2 γ = aγ = Qb,
so Q = Ea˜.
Next, we will define the support of a submodule M ⊆ An. For this, we will need
a
Remark 22. Let U, V ⊆ Ω be open. If U ∩ V = ∅, then U ∩ V = ∅.
Proof. Let U ∩ V 6= ∅ and β ∈ U ∩ V . Since U is open, U ∩ V 6= ∅. Since V is
open, U ∩ V 6= ∅. 
Let M be a projective submodule of An, i.e. M = PAn for some projection
P ∈ Mn(A) (see p 89 in [GVF01]). Then M is finitely generated.
ann(M) := {α ∈ A | Mα = 0},
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the annihilator of M , is a closed ideal in A. Let M be finitely generated,
{g1, ..., gr} ⊆M a system of generators. For α ∈ A, let P (α) := {β ∈ Ω | α(β) 6= 0}
and for a ∈ An let P (a) := {ω ∈ Ω | a(ω) 6= 0}. Then
αa = 0⇐⇒ P (α) ∩ P (a) = ∅,
and thus, according to the above remark,
αa = 0⇐⇒ S(α) ∩ S(a) = ∅.
Let
P (M) := {β ∈ Ω | ∃a ∈M : β ∈ P (a)}.
S(M) := P (M) is called the support of M . Since {g1, ..., gr} is a system of
generators of M , P (M) =
⋃
k≤rP (gk) holds and hence S(M) =
⋃
k≤rS(gk) =⋃
a∈MS(a). The set S(M) is open and closed. α ∈ ann(M) holds if and only if
αgk = 0 for all k ≤ r, therefore
α ∈ ann(M)
⇐⇒S(α) ∩ S(gk) = ∅ (k ≤ r)
⇐⇒S(α) ∩ S(M) = ∅
⇐⇒S(α) ⊆ Ω\S(M)
⇐⇒α|S(M) = 0.
This shows:
Remark 23. ann(M) is the vanishing ideal of the closed-open set S(M).
Lemma 24. InχS(M) is the central carrier of the projection PM ∈ Mn(A) from
An onto M .
Proof. Since χS(M) = 1 on S(a) for all a ∈ M , we have χS(M)a = a for all a ∈ M
and hence χS(M)PM = PM , i.e. CP (M) ≤ InχS(M). Let p ∈ A be a projection such
that Inp ≥ PM . Then pa = pPMa = PMa = a for all a ∈ M , so p = 1 on S(a),
that is, p ≥ χS(a). It follows that p ≥ χS(M). 
Lemma 25. Let M be a finitely generated, projective submodule of An, and let
a, b ∈M . Then there is a c ∈M such that S(a) ∪ S(b) ⊆ S(c).
Proof. Regard the decomposition b = aα + a′ with α ∈ A and a′ ∈ (aA)
⊥
. Such
a decomposition always exists, since aA is a projective and hence complementable
submodule of An. Therefore each b ∈ An can be decomposed, in particular each
b ∈M ⊆ An. We have a′ = b− aα ∈M , so a+ a′ ∈M and
(b|b) = α∗α(a|a) + (a′|a′),
(a+ a′|a+ a′) = (a|a) + (a′|a′),
therefore
(a|a)(β) > 0 =⇒ (a+ a′|a+ a′)(β) > 0,
(b|b)(β) > 0 =⇒ (a|a)(β) > 0 or (a′|a′)(β) > 0
=⇒ (a+ a′|a+ a′)(β) > 0.
It follows that S(a|a) := supp(a|a) ⊆ S(a+ a′|a+ a′) and S(b|b) ⊆ S(a+ a′|a+ a′),
that is, S(a) ∪ S(b) ⊆ S(a+ a′). 
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Corollary 26. LetM be as before. Then there is an a ∈M such that S(a) = S(M).
a can be chosen such that (a|a) is a projection.
Proof. Let u1, ..., ur ∈M withM = u1A+...+urA. According to the lemma above,
there is an a ∈M such that S(M) =
⋃
k≤rS(uk) ⊆ S(a) ⊆ S(M), so S(M) = S(a).
Since a˜A = aA ⊆M , a˜ ∈M , (a˜|a˜) is a projection and S(a˜) = S(a). 
Lemma 27. For ket-bra-operators |b〉〈a|, |v〉〈u| ∈ Mn(A) it holds that |b〉〈a| ◦
|v〉〈u| = (a|v)|b〉〈u| (a, b, u, v ∈M ⊆ An).
Proof. Let c ∈M . Then
|b〉〈a| ◦ |v〉〈u|(c) = b(a||v〉〈u|(c)) = b(a|v(u|c))
= b(a|v)(u|c) = (a|v)|b〉〈u|(c).

Let M = PAn be a projective submodule. Lemma 2.18 in [GVF01] tells us that
End0A(M) = PMn(A)P , hence if P is abelian, so is End
0
A(PA
n) and, in particular,
End00A (PA
n) is abelian. We will now characterize the finitely generated projective
submodules M ⊆ An for which End00A (M), the set of A-linear mappings of A-finite
rank from M to itself, is abelian. Let M be such a module. Let u1, ..., ur ∈ M be
generators of M such that (uk|uk) ∈ A is a projection for all k ≤ r. Moreover, let
a ∈M be such that (a|a) is a projection and S(a) = S(M) holds. Then
|uk〉〈a| ◦ |a〉〈uk| = (a|a)|uk〉〈uk|
is a projection from M onto (a|a)ukA, and
|a〉〈uk| ◦ |uk〉〈a| = (uk|uk)|a〉〈a|
is a projection fromM onto (uk|uk)aA. Since End
00
A (M) is abelian by assumption,
we get
∀k ≤ r : (a|a)ukA = (uk|uk)aA,
and since S(a|a) = S(M), it holds that
∀k ≤ r : ukA = (uk|uk)aA ⊆ aA.
Thus it follows that
M =
∑
k
ukA ⊆ aA ⊆M,
that is, M = aA, so M is simply generated. Summing up, we have shown:
Proposition 28. A projection P ∈ Mn(A) = EndA(A
n) is abelian if and only if
there is an a ∈ An such that P = Ea. Then (a|a) ∈ A is a projection and In(a|a)
is the central carrier of Ea. For a ∈ A
n, Ea˜ is the unique projection onto the
simply generated submodule aA of An. This submodule is projective. aA is free if
and only if S(a) = Ω = Q(A), i.e. if Ea˜ has central carrier In.
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4.3. The equivalence relation on An and abelian quasipoints of P(Mn(A)).
In the following, we will regard quasipoints B of P(Mn(A)) as families of projec-
tive submodules of An rather than families of projections. The filter basis property
of quasipoints will allow us to define a certain notion of germs on A and An and
reduce the situation to that of finite dimensional vector spaces. The results known
from that simple part of the theory (see Prop. 4) easily show that each quasipoint
B ∈ Q(Mn(A)) contains a submodule of the form a0A and hence is abelian.
So let B ∈ Q(Mn(A)) a quasipoint, regarded as a family of projective submod-
ules M of An. We have
PM∩N = PM ∧ PN ,
if M , N as well as M ∩ N are algebraically finitely generated (see Sec. 15.4 of
[WeO93]).
Let PM ∧ PN be the minimum of the projections PM , PN ∈Mn(A). Then
PM ∧ PN = PK ,
where K is the largest finitely generated closed submodule of An such that K ⊆
M ∩N holds. We will use the notation K = M ∧N .
As mentioned above, InA is the center of Mn(A).
β := B ∩ InA
is a quasipoint of A, and it holds that
β ≃ {χS(M) | M ∈ B}.
This can also be expressed in the following way:
∀M ∈ B : β ∈
⋃
a∈M
S(a)
⇐⇒∀M ∈ B : χS(M)(β) = 1.
Notice the double role of β: on the one hand as an element of the Stone spectrum
(that is, the Gelfand spectrum) Q(A) of the center InA ≃ A of Mn(A), on the
other hand as a collection of characteristic functions χS(M) on this Stone spectrum.
We now define an equivalence relation on An that amounts to taking germs:
Definition 29. Let n ∈ N. Two elements a, b of An are called equivalent at the
quasipoint β ∈ Q(A), if there is a p ∈ β such that pa = pb. Notation: a ∼β b.
∼β really is an equivalence relation: symmetry and reflexivity are obvious. Let
a ∼β b, b ∼β c, then there are p, q ∈ β such that pa = pb, qb = qc ⇒ pq ∈ β and
pqa = pqb = pqc, therefore a ∼β c. Let [a]β be the equivalence class of a ∈ A
n, and
let [An]β := {[a]β | a ∈ A
n}.
Theorem 30. (i) [A]β is a field,
(ii) [An]β is an n-dimensional vector space over [A]β.
Proof. Let a, b ∈ An. Then
[a]β + [b]β := [a+ b]β
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is well defined, and also, for α ∈ A,
[a]β [α]β := [aα]β
is well defined: from a ∼β a
′, b ∼β b
′, α ∼β α
′ it follows that there exist p, q, r ∈ β
such that
pa = pa′, qb = qb′, rα = rα′
=⇒pq(a+ b) = pqa+ pqb = pqa′ + pqb′ = pq(a′ + b′)
and
pr(aα) = pa(rα) = pa′(rα′) = pr(a′α′).
Furthermore,
[α]β [γ]β := [αγ]β
defines a multiplication (α, γ ∈ A): it holds that
a ∼β 0
⇐⇒∃p ∈ β : pa = 0
⇐⇒∃p ∈ β : P (p) ∩ P (a) = ∅
⇐⇒∃p ∈ β : S(p) ∩ S(a) = ∅
⇐⇒β /∈ S(a).
Let α ∈ A be such that [α]β 6= 0. Then α
∗α ≥ ε > 0 holds on a closed-open
neighbourhood W of β in Ω = Q(A), since from pα 6= 0 for all p ∈ β and p(β) = 1,
it follows that α(ω) 6= 0 holds on a neighbourhood of β. Thus χWα is invertable
on W and there is a γ ∈ C(Ω) such that S(γ) = W and χWαγ = χW , that is,
αγ ∼β 1, so [α]β [γ]β = 1. Since obviously the algebraic rules for multiplication
and addition are fulfilled, it follows that [A]β is a field and [A
n]β is a vector space
over [A]β . ([e1]β , ..., [en]β) is a basis of [A
n]β : let a ∈ A
n, a =
∑n
k=1ekak, then
[a]β =
∑
k[ek]β [ak]β ; if
∑
k[ek]β[γk]β = 0, then there is some p ∈ β such that
0 = p
∑
k
ekγk =
∑
k
ek(pγk),
so pγk = 0 for all k, that is, [γk]β = 0 for all k. Thus we have
dim[A]β [A
n]β = n.

Let M ⊆ An be a submodule. Then [M ]β := {[α]β | a ∈ M} is a subspace of
[An]β . If N ⊆ A
n is another submodule, then
Lemma 31. [M ∩N ]β = [M ]β ∩ [N ]β.
Proof. The inclusion “⊆” is trivial. Let [a]β ∈ [M ]β ∩ [N ]β . Then [a]β = [b]β holds
for some b ∈ N , so pa = pb for a p ∈ β and hence pa ∈ M ∩N . Since p ∼β 1 in A
(p is a projection), it follows that [a]β = [pa]β ∈ [M ∩N ]β. 
Corollary 32. M,N ∈ B⇒ [M ∧N ]β ⊆ [M ]β ∩ [N ]β.
Proof. This follows from the lemma and M ∧N ⊆M ∩N . 
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Let M ∈ B, then [M ]β 6= 0: assume that [M ]β = 0. Then
∀a ∈M ∃pa ∈ β : paa = 0
=⇒ ∀a ∈M : β /∈ S(a),
but β ∈ S(M) =
⋃
a∈M S(a), since M ∈ B. Thus we get
Remark 33. Bβ := {[M ]β | M ∈ B} ⊆ L([A
n]β) is a filter basis in the lattice of
subspaces of [An]β .
Proof. 0 /∈ Bβ and for [M ]β, [N ]β ∈ Bβ , it holds that [M ]β ∩ [N ]β ⊇ [M ∧N ]β ∈
Bβ . 
Let B˜β be a quasipoint of L([A
n]β) containing Bβ . There is exactly one line
[a0]β [A]β ∈ B˜β such that
∀M ∈ B : [a0]β [A]β ⊆ [M ]β ,
because the discussion concerning atomic quasipoints for the lattice of subspaces
of finite dimensional vector spaces holds (see Prop. 4). Of course we have a0 ≁β 0.
It remains to show that a0A ∧M 6= 0 holds for all M ∈ B. We have Pa0A = Ea˜0
and, since pM a˜0A ⊆M holds for some appropriate pM ∈ β, we obtain
EpM a˜0 ≤ PM
⇐⇒pMEa˜0 ≤ PM .
From this, it follows (since a0 ≁ 0, we have pM a˜0 6= 0 for all pM ∈ β):
PM ∧ Ea˜0 ≥ pMEa˜0 ∧ Ea˜0 = pMEa˜0 > 0,
so PM ∧ Ea˜0 6= 0, that is, a0A ∧M 6= 0. Since B is a quasipoint, a0A ∈ B holds
from maximality. Summing up, we have shown:
Theorem 34. All quasipoints of Mn(A) are abelian.
The following remark clarifies the relation between several abelian projections
in a single quasipoint:
Remark 35. Let Ea, Eb ∈ B be abelian projections. There is some r ∈ P(A) such
that rEa = rEb.
Proof. Ec := Ea ∧ Eb is an abelian projection in B, so there are p, q ∈ P(A) such
that Ec = pEa = qEb. Then Ec = pEa = p
2Ea = pqEb holds and also Ec = pqEa.
If p /∈ β, then 1− p ∈ β and thus
0 = (1 − p)pEa = (1− p)Ec ∈ B,
contradicting 0 /∈ B. Hence p ∈ β and also q ∈ β, so pq ∈ β and
pqEa = pqEb.

If R is a type In algebra with trivial center, i.e. R ≃Mn(C) ≃L(C
n), then there
are only atomic quasipoints (see Prop. 4 again). An atomic quasipoint is of the
form
BCx := {P ∈ P(R) | PCx ≤ P},
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where x ∈ H\{0}. Of course, PCx is an abelian projection, too. The Stone spectrum
Q(R) is discrete in this case, since atomic quasipoints are isolated points of the
Stone spectrum Q(R).
As a corollary of the results proved above, we obtain the main result:
Theorem 36. Let R be a type In von Neumann algebra. The quasipoints of A =
C(R) parametrize the orbits of the unitary group U(R) acting on the Stone spectrum
Q(R) of R.
Proof. All quasipoints of R are abelian (Thm. 34), i.e. we have Q(R) = Qab(A).
Using this, we apply Thm. 11: the mapping
ζ : Qab(R) −→ Q(A),
B 7−→ B ∩A
is surjective. SinceR is finite, we can replace partial isometries by unitary operators
in Thm. 11. Therefore, ζ(B) = ζ(B˜) holds if and only if there is a unitary U ∈ R
such that U.B = B˜ (see Def. 12). It follows that the quasipoints of A = C(R)
parametrize the orbits of the unitary group U(R) acting on Q(R). 
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